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ON GENERALIZED COMPRESSIBLE FLUID SYSTEMS ON AN
EVOLVING SURFACE WITH A BOUNDARY
HAJIME KOBA
Abstract. We consider compressible fluid flow on an evolving surface with
a piecewise Lipschitz-continuous boundary from an energetic point of view.
We employ both an energetic variational approach and the first law of ther-
modynamics to make a mathematical model for compressible fluid flow on
the evolving surface. Moreover, we investigate the boundary conditions in co-
normal direction for our fluid system to study the conservation and energy
laws of the system.
1. Introduction
We are interested in a mathematical modeling of soap bubble clusters and mem-
brane flows. A soap bubble cluster consists of some surfaces with a boundary.
When we focus on a soap bubble, we can see the fluid flow in the bubble. We
call the fluid flow in the bubble a surface flow. We can consider a surface flow as
fluid flow on an evolving surface. An evolving surface means that the surface is
moving or the shape of the surface is changing along with the time. This paper has
two aims. The first one is to derive the generalized compressible fluid system on
an evolving surface with a boundary from an energetic point of view. Generalized
means that the system includes Newtonian fluid, non-Newtonian fluid, and power
law fluid. The second one is to investigate the natural boundary conditions for the
system. Natural means that the system satisfies some conservation laws.
Some researchers such as Arnol’d ([2] , [3]), Taylor [30], Dziuk-Elliott [8], Koba-
Liu-Giga [19], Koba [17] made their fluid and diffusion systems on a closed manifold
or an evolving closed surface under their assumptions. On the other hand, this pa-
per makes a mathematical model for compressible fluid flow on an evolving surface
with a boundary. Especially, we deal with the boundary conditions in co-normal
direction for our model.
Let us first introduce basic notations. Let x = t(x1, x2, x3) ∈ R3, ξ = t(ξ1, ξ2, ξ3) ∈
R
3, X = t(X1, X2) ∈ R2 be the spatial variables, and t, τ ≥ 0 be the time variables.
Let T ∈ (0,∞], and let Γ(t)(= {Γ(t)}0≤t<T ) be an evolving surface with a piecewise
Lipschitz-continuous boundary. The symbol n = n(x, t) = t(n1, n2, n3) denotes the
unit outer normal vector at x ∈ Γ(t), and ν = ν(x, t) = t(ν1, ν2, ν3) denotes the
unit outer co-normal vector at x ∈ ∂Γ(t), where ∂Γ(t) denotes the boundary of the
surface Γ(t). The notations ρ = ρ(x, t), σ = σ(x, t), θ = θ(x, t), e = e(x, t), and
C = C(x, t) represent the density, the total pressure, the temperature, the internal
energy of the fluid on Γ(t), and the concentration of amount of substance in the fluid
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on Γ(t), respectively. Note that the total pressure σ includes both surface pressure
and surface tension in general. The symbol F = F (x, t) = t(F1, F2, F3) denotes an
exterior force. The notation u = u(x, t) = t(u1, u2, u3) denotes the relative fluid
velocity of a fluid particle at a point x = t(x1, x2, x3) of the evolving surface Γ(t),
and w = w(x, t) = t(w1, w2, w3) means the motion velocity of the evolving surface
Γ(t). We often call u surface flow and w the speed of the evolving surface Γ(t) (see
[17, Fig.1] for u and w). By introducing the surface flow u and the motion velocity
w, then there is no exchange of particles between the surface and the environment.
The velocity
v = v(x, t) := t(v1, v2, v3) = u+ w
is defined as the total velocity of a fluid particle at a point x of Γ(t). In this paper
we focus on the total velocity v. Set
ΓT =
⋃
0<t<T
{Γ(t)× {t}}, ∂ΓT =
⋃
0<t<T
{∂Γ(t)× {t}}.
This paper has four purposes. The first one is to make an abstract model for
compressible fluid flow on the evolving surface Γ(t) from an energetic point of view.
More precisely, we apply both an energetic variational approach and the first law
of thermodynamics to derive the following generalized compressible fluid system on
ΓT :
(1.1)

Dtρ+ (divΓv)ρ = 0 on ΓT ,
ρDtv = divΓSΓ(v, σ) + ρF on ΓT ,
ρDte+ (divΓv)σ = divΓqθ + e˜D on ΓT ,
DtC + (divΓv)C = divΓqC on ΓT ,
where Dtf = ∂tf + (v · ∇)f ,
SΓ(v, σ) = e
′
1(|DΓ(v)|2)DΓ(v) + e′2(|divΓv|2)(divΓv)PΓ − σPΓ,
qθ = e
′
3(|gradΓθ|2)gradΓθ,
e˜D = e
′
1(|DΓ(v)|2)|DΓ(v)|2 + e′2(|divΓv|2)|divΓv|2,
qC = e
′
4(|gradΓC|2)gradΓC.
Here |DΓ(v)|2 = DΓ(v) : DΓ(v), DΓ(v) = PΓD(v)PΓ, PΓ = I3×3 − n ⊗ n, D(v) =
{(∇v) + t(∇v)}/2, ∇ = t(∂1, ∂2, ∂3), ∂j = ∂/∂xj, ∂t = ∂/∂t, ⊗ denotes the tensor
product, ej is a C
1-function, and e′j = e
′
j(r) =
dej
dr
(r) (j = 1, 2, 3, 4). See Section
2 for the surface divergence divΓ and surface gradient gradΓ. In this paper, we
call DΓ(v), SΓ(v, σ), e˜D, and PΓ, the generalized surface stretching tensor, the
generalized surface stress tensor, the generalized density for the energy dissipation
due to the viscosities, and an orthogonal projection to a tangent space. We also call
qθ and qC the generalized heat flux and the generalized surface flux, respectively.
Remark that we call SΓ(v, σ) the surface stress tensor determined by the Boussinesq-
Scriven law if e1(r) = µ1r and e2(r) = µ2r for some µ1, µ2 ∈ R. Remark also that
divΓSΓ(v, σ) = divΓ{µ1DΓ(v) + µ2(divΓv)PΓ} − gradΓσ − σHΓn,
divΓqθ = µ3∆Γθ,
divΓqC = µ4∆ΓC
if ej(r) = µjr for some µj ∈ R, where HΓ is the mean curvature in the direction n,
and ∆Γ is the Laplace-Beltrami operator. See Section 2 for details.
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The second one is to study the conservative form, enthalpy, entropy, Helmholtz
free energy, and conservation laws of system ( 1.1). In fact, we can write system
( 1.1) as follows:
(1.2)

DNt ρ+ divΓ(ρv) = 0 on ΓT ,
DNt (ρv) + divΓ{ρv ⊗ v − SΓ(v, σ)} = ρF on ΓT ,
DNt eA + divΓ{eAv − qθ − SΓ(v, σ)v} = ρF · v on ΓT ,
DNt C + divΓ{Cv − qC} = 0 on ΓT .
Here eA is the total energy defined by eA = ρ|v|2/2 + ρe, and DNt is the time
derivative with the normal derivative defined by
DNt f = ∂tf + (v · n)(n · ∇)f.
Under the assumptions that h = e + σ/ρ, Dte = θDts − σDt(1/ρ), eF = e − θs,
and ρ, θ > 0, the enthalpy h = h(x, t), the entropy s = s(x, t), and the free energy
eF = eF (x, t) satisfy
DNt (ρh) + divΓ{ρhv − qθ} = e˜D +Dtσ on ΓT ,(1.3)
DNt (ρs) + divΓ
{
ρsv − qθ
θ
}
=
e˜D
θ
+
e′3(|gradΓθ|2)|gradΓθ|2
θ2
on ΓT ,(1.4)
and
ρDteF + sρDtθ − SΓ(v, σ) : DΓ(v) = −e˜D on ΓT .
We call ( 1.4) the generalized Clausius-Duhem inequality if e′1, e
′
2, e
′
3 are non-negative
functions. Moreover, if system ( 1.1) satisfies the following boundary conditions in
co-normal direction:
SΓ(v, σ)ν|∂Γ(t) = t(0, 0, 0),(1.5)
∂θ
∂ν
∣∣∣∣
∂Γ(t)
= 0,(1.6)
∂C
∂ν
∣∣∣∣
∂Γ(t)
= 0,(1.7)
then system ( 1.1) satisfies that for t1 < t2,∫
Γ(t2)
ρ dH2x =
∫
Γ(t1)
ρ dH2x,(1.8) ∫
Γ(t2)
ρv dH2x =
∫
Γ(t1)
ρv dH2x +
∫ t2
t1
∫
Γ(τ)
ρF dH2xdτ,(1.9) ∫
Γ(t2)
x× ρv dH2x =
∫
Γ(t1)
x× ρv dH2x +
∫ t2
t1
∫
Γ(τ)
x× ρF dH2xdτ,(1.10) ∫
Γ(t2)
eA dH2x =
∫
Γ(t1)
eA dH2x +
∫ t2
t1
∫
Γ(τ)
ρF · v dH2xdτ,(1.11) ∫
Γ(t2)
C dH2x =
∫
Γ(t1)
C dH2x.(1.12)
Here dHkx denotes the k-dimensional Hausdorff measure and
∂f
∂ν
:= (ν · ∇Γ)f,
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where ∇Γ = gradΓ. We often call ( 1.8), ( 1.9), ( 1.10), and ( 1.11), the law of
conservation of mass, the law of conservation of momentum, the law of conservation
of angular momentum, and the law of conservation of total energy, respectively. See
Theorem 2.9 for details.
The third one is to make an abstract model for the tangential compressible fluid
flow on the evolving surface Γ(t) from an energetic point of view. More precisely, we
apply both an energetic variational approach and the first law of thermodynamics
to derive the following generalized tangential compressible fluid system on ΓT :
(1.13)

v · n = 0 on ΓT ,
DΓt ρ+ (divΓv)ρ = 0 on ΓT ,
PΓρD
Γ
t v = PΓdivΓSΓ(v, σ) + PΓρF on ΓT ,
ρDΓt e+ (divΓv)σ = divΓqθ + e˜D on ΓT ,
DΓt C + (divΓv)C = divΓqC on ΓT ,
where DΓt f := ∂tf + (v · ∇Γ)f . Note that Dtf = DΓt f if v · n = 0. Remark that if
system ( 1.13) satisfies ether ( 1.5) or
(1.14) v|∂Γ(t) = t(0, 0, 0),
then system ( 1.13) satisfies that for t1 < t2,
(1.15)
∫
Γ(t2)
1
2
ρ|v|2 dH2x +
∫ t2
t1
∫
Γ(τ)
e˜D dH2xdτ
=
∫
Γ(t1)
1
2
ρ|v|2 dH2x +
∫ t2
t1
∫
Γ(τ)
{(divΓv)σ + ρF · v} dH2xdτ.
This is the energy law of system ( 1.13). Remark also that system ( 1.1) satisfies
( 1.15) if either ( 1.5) or ( 1.14) holds. See Theorem 2.10 for details.
The fourth one is to derive the following barotropic compressible fluid system on
ΓT :
(1.16)

Dtρ+ (divΓv)ρ = 0 on ΓT ,
ρDtv + gradΓp+ pHΓn = 0 on ΓT ,
p = p(ρ) = ρp′(ρ)− p(ρ),
and the tangential barotropic compressible fluid system on ΓT :
(1.17)

v · n = 0 on ΓT ,
DΓt ρ+ (divΓv)ρ = 0 on ΓT ,
PΓρD
Γ
t v + gradΓp = 0 on ΓT ,
p = p(ρ) = ρp′(ρ)− p(ρ),
where p(·) is a C1 function. Remark that if system ( 1.16) satisfies ( 1.14) then
system ( 1.16) satisfies that for t1 < t2,
(1.18)
∫
Γ(t2)
1
2
ρ|v|2 dH2x =
∫
Γ(t1)
1
2
ρ|v|2 dH2x +
∫ t2
t1
∫
Γ(τ)
(divΓv)p dH2xdτ.
Remark also that system ( 1.17) satisfies ( 1.18) if system ( 1.17) satisfies ( 1.14).
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Remark 1.1. If we assume that σ = σ(ρ, e) and e = e(ρ, θ), then in general
system ( 1.1) with ( 1.5)-( 1.7) is an overdetermined system for its initial value
problem when the motion of Γ(t) is given and we consider (ρ, v, θ, C) as unknown
functions, while system ( 1.13) with ( 1.14), ( 1.6), ( 1.7) is not an overdetermined
system for its initial value problem when the motion of Γ(t) is given. Because the
second expression of system ( 1.1) has six equations including the tangential and
normal parts of the total velocity. For the same reason, system ( 1.16) with ( 1.14)
is an overdetermined system for its initial value problem when the motion of Γ(t)
is given, and system ( 1.17) with ( 1.14) is not an overdetermined system for its
initial value problem when the motion of Γ(t) is given. When v · n = 0, we have to
assume that w · n = 0 since u · n = 0 in general.
Let us explain our strategy for deriving four systems ( 1.1), ( 1.13), ( 1.16), and
( 1.17). We first set the following generalized energy densities for compressible fluid
on the evolving surface Γ(t).
Assumption 1.2 (Generalized energy densities for compressible fluid).
eK =
1
2
ρ|v|2, eP = p(ρ), eD = 1
2
e1(|DΓ(v)|2) + 1
2
e2(|divΓv|2),
eW = (divΓv)σ + ρF · v, eTD = 1
2
e3(|gradΓθ|2), eGD =
1
2
e4(|gradΓC|2).
Here p, e1, e2, e3, and e4 are C
1-functions.
We call eK the kinetic energy, eP the chemical potential, eD the generalized energy
density for the energy dissipation due to the viscosities, eW the power density for
the work done by the pressure and exterior force, eTD the generalized energy density
for the energy dissipation due to thermal diffusion, and eGD the generalized energy
density for the energy dissipation due to general diffusion. Note that eD 6= e˜D in
general, where e˜D is the generalized density for the energy dissipation due to the
viscosities defined by e˜D = e
′
1(|DΓ(v)|2)|DΓ(v)|2 + e′2(|divΓv|2)|divΓv|2.
Secondly, we consider a mathematical validity of the generalized energy densities
for compressible fluid on the evolving surface Γ(t). We apply a flow map and the
Riemannian metric induced by the flow map to show the invariance of our energy
densities (see Section 3).
Thirdly, we derive several forces from a variation of some energies based on the
generalized energy densities. We calculate a variation of our dissipation energies
with respect to the velocity to have the viscous and diffusion terms of our fluid
systems, and derive the nonlinear and pressure terms of our fluid systems to consider
a variation of the action integral with respect to the flow map (see Section 4).
Finally, we apply both an energetic variational approach and the first law of
thermodynamics to make mathematical models for compressible fluid flow on the
evolving surface Γ(t) with a boundary, and investigate the conservation and energy
laws of our models (see Section 5).
Let us state two key ideas of this paper. The first one is to generalize the
energy densities for fluid. Using the energy densities for Newtonian fluid on a
surface, Koba-Liu-Giga [19] and Koba [17] derived their fluid systems on an evolving
closed surface. This paper generalizes the energy density for fluid on a surface
to deal with non-Newtonian fluid and power law fluid. Remark that our models
( 1.1) and ( 1.13) includes their models in [17] and that our energy densities have
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a mathematical validity. Remark also that Taylor’s model [30] is a Newtonian
fluid system on a closed surface. The second one is to make use of an energetic
variational approach. An energetic variational approach is a method for deriving
PDEs by applying the forces derived from a variation of energies. Gyarmati [13]
used an energetic variational approach, which had been studied by Strutt [29] and
Onsager ([22], [23]), to make several models for fluid dynamics in domains. Hyon-
Kwak-Liu [14] applied an energetic variational approach to study complex fluid
in domains. Koba-Sato [20] used their energetic variational approach to derive
their non-Newtonian fluid systems in domains. Koba-Liu-Giga [19] and Koba [17]
improved the previous energetic variational approaches to derive their fluid systems
on an evolving closed surface. This paper improves and polishes up their energetic
variational approach in [19] and [17] to make a mathematical model for compressible
fluid flow on an evolving surface with a boundary.
Let us explain some derivations of incompressible fluid systems on a closed man-
ifold. Arnol’d [2], [3] applied the Lie group of diffeomorphisms to derive an inviscid
incompressible fluid system on a manifold. See also Ebin-Marsden [9]. Taylor
[30] introduced their surface stretching tensor to make their viscous incompressible
fluid system on a manifold. Mitsumatsu-Yano [21] used their energetic variational
approach to derive a viscous incompressible fluid system on a manifold. Arnaudon-
Cruzeiro [1] applied their stochastic variational approach to derive a viscous incom-
pressible fluid system on a manifold. This paper considers compressible fluid flow
on an evolving surface with a boundary. Remark that Mitsumatsu-Yano [21] and
Arnaudon-Cruzeiro [1] derived Taylor’ model [30] by their methods.
Next we state some derivations of diffusion and fluid systems on an evolving
closed surface. Dziuk-Elliott [8] applied the surface transport theorem and their
surface flux to make several diffusion systems on an evolving closed surface. Koba-
Liu-Giga [19] applied an energetic variational approach and the Helmholtz-Weyl
decomposition on a closed surface to derive their incompressible fluid systems on
an evolving closed surface. Koba [17] studied compressible fluid flow on an evolving
closed surface and derived the surface stress tensor determined by the Boussinesq-
Scriven law from an energetic point of view. This paper derives compressible fluid
systems on an evolving surface with a boundary, and investigates the natural bound-
ary conditions for our fluid systems.
Now we state the history of the surface stress tensor determined by the Boussinesq-
Scriven law. Boussinesq [6] first considered the existence of surface flow. Scriven
[24] introduced their surface stress tensor to apply it to arbitrary surfaces. Slat-
tery [26] studied some properties of the surface stress tensor determined by the
Boussinesq-Scriven law. Bothe and Pru¨ss [5] used the Boussinesq-Scriven law to
make a two-phase flow system with surface viscosity and surface tension. Koba
[17] gave a mathematical validity of the Boussinesq-Scriven law from an energetic
point of view. This paper derives the generalized surface stress tensor including the
Boussinesq-Scriven law from an energetic point of view.
This paper provides a mathematical modeling of compressible fluid flow on an
evolving with a boundary. We refer the reader to Serrin [25] for mathematical
derivations of fluid systems in domains, Gatignol-Prud’homme [10] and Slattery-
Sagis-Oh [27] for two-phase flow systems with interfacial phenomena, and Gyarmati
[13] and Gurtin-Fried-Anand [12] for the theory of thermodynamics.
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The outline of this paper is as follows: In Section 2 we state the definition of an
evolving surface with a boundary and the main results of this paper. In Section 3 we
study the representation of our energy densities to show a mathematical validity
of the energy densities. In Section 4 we calculate variations of our dissipation
energies and action integral to derive several forces from our energies. In Section 5
we apply an energetic variational approach and the first law of thermodynamics to
make mathematical models for compressible fluid flow on an evolving surface with
a boundary, and investigate the conservation and energy laws of our fluid systems.
2. Main Results
Let us first introduce a bounded domain with a boundary, a surface with a
boundary, and an evolving surface with a boundary. Then we define fundamental
notations. Finally, we state the main results of this paper.
Definition 2.1 (Bounded domain with a boundary). Let U ⊂ R2 be a bounded
domain. We call U a bounded domain with a piecewise Lipschitz-continuous bound-
ary if the boundary ∂U of U can be written by
∂U = ∂U1 ∪ ∂U2 ∪ · · · ∪ ∂UM for some M ∈ N.
Here
∂Um = {X = t(X1, X2) ∈ R2; X1 = pm(r), X2 = qm(r), r ∈ [am, bm]},
where m ∈ {1, 2, · · · ,M}, am, bm ∈ R, pm, qm ∈ C0,1([am, bm]), satisfying
(i) (pm(bm), qm(bm)) = (pm+1(am+1), qm+1(am+1)) for each m ∈ {1, 2, · · · ,M −1},
(ii) (pM (bM ), qM (bM )) = (p1(a1), q1(a1)), (iii)(
dpm
dr
(r)
)2
+
(
dqm
dr
(r)
)2
> 0 for almost all r ∈ [am, bm].
Definition 2.2 (Surface with a boundary). Let Γ0 ⊂ R3 be a set. We call Γ0 a sur-
face with a piecewise Lipschitz-continuous boundary if there are bounded domain U
with a piecewise Lipschitz-continuous boundary and Φ = t(Φ1,Φ2,Φ3) ∈ [C2(U)]3
satisfying the properties as in Definition 2.1 and the following four properties:
(i) The set Γ0 can be written by
Γ0 = {ξ = t(ξ1, ξ2, ξ3) ∈ R3; ξ = Φ(X), X ∈ U}.
(ii) The map
Φ : U → Γ0 is bijective.
(iii) The boundary ∂Γ0 of Γ0 can be written by
∂Γ0 = ∂Γ
1
0 ∪ ∂Γ20 ∪ · · · ∪ ∂ΓM0 ,
where
∂Γm0 = {ξ ∈ R3; ξ = Φ(X), X ∈ ∂Um}.
(iv) There is λ1 > 0 such that for every X ∈ U ,∣∣∣∣ ∂Φ∂X1 × ∂Φ∂X2
∣∣∣∣2 = ( ∂Φ2∂X1 ∂Φ3∂X2 − ∂Φ2∂X2 ∂Φ3∂X1
)2
+
(
∂Φ1
∂X1
∂Φ3
∂X2
− ∂Φ1
∂X2
∂Φ3
∂X1
)2
+
(
∂Φ1
∂X1
∂Φ2
∂X2
− ∂Φ1
∂X2
∂Φ2
∂X1
)2
≥ λ1.
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Here
C2(U) = {f : U → R; f = F|U for some F ∈ C2(R2)}.
Definition 2.3 (Evolving surface with a boundary and flow maps).
Let Γ0 ⊂ R3 be a surface with a piecewise Lipschitz-continuous boundary, and
let U ⊂ R2 and Φ = t(Φ1,Φ2,Φ3) ∈ [C2(U)]3 be the bounded domain with a
piecewise Lipschitz-continuous boundary and the functions satisfying the properties
as in Definitions 2.1 and 2.2. For 0 ≤ t < T , let Γ(t) ⊂ R3 be a surface with a
piecewise Lipschitz-continuous boundary. We call Γ(t)(= {Γ(t)}0≤t<T ) an evolving
surface with a piecewise Lipschitz-continuous boundary if there is x˜ = t(x˜1, x˜2, x˜3) ∈
[C2(Γ0 × [0, T ))]3 satisfying the following six properties:
(i) For every ξ ∈ Γ0
x˜(ξ, 0) = ξ.
(ii) For every 0 < t < T , Γ(t) can be written by
Γ(t) = {x = t(x1, x2, x3) ∈ R3; x = x˜(ξ, t), ξ ∈ Γ0}.
(iii) For each 0 < t < T ,
x˜(·, t) : Γ0 → Γ(t) is bijective.
(iv) For every 0 < t < T , the boundary ∂Γ(t) of Γ(t) can be written by
∂Γ(t) = ∂Γ1(t) ∪ ∂Γ2(t) ∪ · · · ∪ ∂ΓM (t),
where
∂Γm(t) = {x ∈ R3; x = x˜(ξ, t), ξ ∈ ∂Γm0 }.
(v) Set x̂(X, t) = x˜(Φ(X), t). There is λ2 > 0 such that for every 0 ≤ t < T and
X ∈ U ,∣∣∣∣ ∂x̂∂X1 × ∂x̂∂X2
∣∣∣∣2 = ( ∂x̂2∂X1 ∂x̂3∂X2 − ∂x̂2∂X2 ∂x̂3∂X1
)2
+
(
∂x̂1
∂X1
∂x̂3
∂X2
− ∂x̂1
∂X2
∂x̂3
∂X1
)2
+
(
∂x̂1
∂X1
∂x̂2
∂X2
− ∂x̂1
∂X2
∂x̂2
∂X1
)2
≥ λ2.
(vi) There is v = v(x, t) = t(v1, v2, v3) ∈ C2(
⋃
0≤t<T {Γ(t) × {t}}) such that for
every 0 ≤ t < T and ξ ∈ Γ0
x˜t(ξ, t) = v(x˜(ξ, t), t).
Here
C2
( ⋃
0≤t<T
{Γ(t)× {t}}
)
:=
{
f :
⋃
0≤t<T
{Γ(t)× {t}} → R;
f = F|⋃
0≤t<T {Γ(t)×{t}}
for some F ∈ C2(R4)
}
.
We call x˜ = x˜(ξ, t) a flow map on Γ(t), and v = v(x, t) = v(x˜(ξ, t), t) the velocity
determined by the flow map x˜. We also call x̂ = x̂(X, t) a flow map on Γ(t) since
∂x̂/∂t(X, t) = v(x̂(X, t), t). Note that x̂(X, t) = x˜(Φ(X), t) = x˜(ξ, t).
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Let us explain the conventions used in this paper. We use the italic characters
i, j, k, ℓ as 1, 2, 3 and the Greek characters α, β, ζ, η as 1, 2. Moreover, we often
use the following Einstein summation convention: cjdij =
∑3
j=1 cjdij , cαd
αβ =∑2
α=1 cαd
αβ . The symbol [M]ij denotes the (i, j)-th component of a matrix M.
For each k × k-matrixM, |M|2 :=M :M =∑ki,j=1 |[M]ij|2.
We now introduce function spaces and notations. Let Γ(t)(= {Γ(t)}0≤t<T ) be
an evolving surface with a piecewise Lipschitz-continuous boundary, and let x˜ =
x˜(ξ, t) = t(x˜1, x˜2, x˜3), x̂ = x̂(X, t) =
t(x̂1, x̂2, x̂3), and v = v(x, t) =
t(v1, v2, v3) be
two flow maps on Γ(t), and the velocity determined by the flow map x˜. Throughout
this paper we assume that v is the total velocity. The symbol n = n(x, t) =
t(n1, n2, n3) and ν = ν(x, t) =
t(ν1, ν2, ν3) denote the unit outer normal vector at
x ∈ Γ(t) and the unit outer co-normal vector at x ∈ ∂Γ(t), respectively. Notice
that ν = ν(x, t) exists for almost all x ∈ ∂Γ(t) since ∂Γ(t) is a piecewise Lipschitz-
continuous boundary. Set
ΓT =
⋃
0<t<T
{Γ(t)× {t}}, ∂ΓT =
⋃
0<t<T
{∂Γ(t)× {t}},
ΓT =
⋃
0≤t<T
{Γ(t)× {t}}.
For each k ∈ N ∪ {0,∞},
Ck(Γ(t)) := {f : Γ(t)→ R; f = F|Γ(t) for some F ∈ Ck(R3)},
Ck(Γ(t)) := {f : Γ(t)→ R; f = F|Γ(t) for some F ∈ Ck(R3)},
Ck0 (Γ(t)) := {f ∈ Ck(Γ(t)); suppf does not intersect ∂Γ(t)},
Ck(ΓT ) := {f : ΓT → R; f = F|ΓT for some F ∈ Ck(R4)},
Ck(∂Γ(t)) := {f : ∂Γ(t)→ R; f = F|∂Γ(t) for some F ∈ Ck(R3)},
Ck(∂ΓT ) := {f : ∂ΓT → R; f = F|∂ΓT for some F ∈ Ck(R4)}.
See [16] for Sobolev spaces on ΓT . Fix j ∈ {1, 2, 3}. For f ∈ C1(Γ(t)) and ϕ =
t(ϕ1, ϕ2, ϕ3) ∈ C1(Γ(t)),
∂Γj f := (δij − ninj)∂if =
3∑
i=1
(δij − ninj)∂if,
∇Γ := t(∂Γ1 , ∂Γ2 , ∂Γ3 ),
gradΓf := ∇Γf = t(∂Γ1 f, ∂Γ2 f, ∂Γ3 f),
divΓϕ := ∇Γ · ϕ = ∂Γ1 ϕ1 + ∂Γ2 ϕ2 + ∂Γ3 ϕ3,
∆Γf := divΓ(gradΓf) = (∂
Γ
1 )
2f + (∂Γ2 )
2f + (∂Γ3 )
2f.
Here δij denotes the Kronecker delta. Moreover, for g ∈ C1(∂Γ(t)),
∂g
∂ν
:= (ν · ∇Γ)g.
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The symbol PΓ = PΓ(x, t) and HΓ = HΓ(x, t) denote an orthogonal projection to a
tangent space and the mean curvature in the direction n defined by
PΓ = I3×3 − n⊗ n,
HΓ = −divΓn.
Note that [PΓ]ij = δij − ninj , PΓn = t(0, 0, 0), P 2Γ = PΓ, HΓ = −(∂Γ1 n1 + ∂Γ2 n2 +
∂Γ3 n3) and that divΓ(fPΓ) = gradΓf + fHΓn. Note also that (ν · ∇)f = (ν · ∇Γ)f
and HΓ = −(∂1n1 + ∂2n2 + ∂3n3) since ν · n = 0 and |n| = |ν| = 1.
Next we introduce the Riemannian metric determined by the flow map x̂ =
x̂(X, t). For every 0 ≤ t < T and X ∈ U ,
g1 = g1(X, t) :=
∂x̂
∂X1
, g2 = g2(X, t) :=
∂x̂
∂X2
, gαβ := gα · gβ = ∂x̂i
∂Xα
∂x̂i
∂Xβ
,
(gαβ)2×2 := (gαβ)
−1
2×2 =
1
g11g22 − g12g21
(
g22 −g21
−g12 g11
)
, gα := gαβgβ,
g´α :=
d
dt
gα, g´αβ :=
d
dt
gαβ , G = G(X, t) := |g1 × g2|2 = g11g22 − g12g21.
By Definition 2.3, we see that for every 0 ≤ t < T and X ∈ U ,
(2.1) G = |g1 × g2|2 = g11g22 − g12g21 =
(
∂x̂2
∂X1
∂x̂3
∂X2
− ∂x̂2
∂X2
∂x̂3
∂X1
)2
+
(
∂x̂1
∂X1
∂x̂3
∂X2
− ∂x̂1
∂X2
∂x̂3
∂X1
)2
+
(
∂x̂1
∂X1
∂x̂2
∂X2
− ∂x̂1
∂X2
∂x̂2
∂X1
)2
≥ λ2 > 0.
See Jost [15] and Ciarlet [7] for differential geometry and the Riemannian manifold.
We now state the main results of this paper. Throughout this paper we assume
that ρ, v, σ, θ, e, F , and C are C2-functions on ΓT . Let us first study our energy
densities (see Assumption 1.2).
Theorem 2.4 (Representation of energy densities). Fix t. Then∫
Γ(t)
divΓv dH2x =
∫
U
d
√G
dt
dX,(2.2) ∫
Γ(t)
(divΓv)σ dH2x =
∫
U
(
1
2
g´αβg
αβ
)
σ
√G dX,(2.3) ∫
Γ(t)
1
2
e1(|DΓ(v)|2) dH2x =
∫
U
1
2
e1
(
1
4
g´αβ g´ζηg
αηgβη
)√G dX,(2.4) ∫
Γ(t)
1
2
e2(|divΓv|2) dH2x =
∫
U
1
2
e2
(
1
4
g´αβ g´ζηg
αβgζη
)√G dX,(2.5)
∫
Γ(t)
1
2
e3(|gradΓθ|2) dH2x =
∫
U
1
2
e3
(
gαβ
∂θ̂
∂Xα
∂θ̂
∂Xβ
)
√
G dX,(2.6)
∫
Γ(t)
1
2
e4(|gradΓC|2) dH2x =
∫
U
1
2
e4
(
gαβ
∂Ĉ
∂Xα
∂Ĉ
∂Xβ
)
√G dX.(2.7)
Here θ̂ = θ̂(X, t) := θ(x̂(X, t), t) and Ĉ = Ĉ(X, t) := C(x̂(X, t), t).
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FromKoba-Sato [20, Theorem 2.1] and Theorem 2.4 we see that our energy densities
are candidates of the energy densities for compressible fluid flow on the evolving
surface Γ(t) since our energy densities are invariant throughout the Riemannian
metric determined by flow maps.
Next we introduce the surface divergence theorem to calculate a variation of our
dissipation energies and work.
Proposition 2.5 (Divergence theorem on surface with boundary).
For every ϕ = t(ϕ1, ϕ2, ϕ3) ∈ C1(Γ(t)),
(2.8)
∫
Γ(t)
divΓϕ dH2x = −
∫
Γ(t)
HΓ(n · ϕ) dH2x +
∫
∂Γ(t)
ν · ϕ dH1x.
Here ν = ν(x, t) = t(ν1, ν2, ν3) denotes the unit outer co-normal vector to ∂Γ(t),
i.e., ν · ν = 1 and ν · n = 0 on ∂Γ(t).
Simon [28] proved Proposition 2.5 in the case when the surface Γ(t) have a smooth
boundary, and Koba [18] proved Proposition 2.5 in the case when the surface Γ(t)
have a piecewise Lipschitz-continuous boundary. From [18] we find that the unit
outer co-normal vector ν is represented by
ν = ν(x̂(X, t), t) =
nU1 g2 − nU2 g1
|nU1 g2 − nU2 g1|
× g1 × g2|g1 × g2| for a.e. X ∈ ∂U.
Here nU = nU (X) = t(nU1 , n
U
2 ) denotes the unit outer normal vector to ∂U . From
Proposition 2.5 we have the following formula of the integration by parts:
(2.9)
∫
Γ(t)
f(∂Γj g) dH2x = −
∫
Γ(t)
(∂Γj f +HΓnjf)g dH2x +
∫
∂Γ(t)
(νjf)g dH1x.
Now we define our dissipation energies and work, and state a variation of the
dissipation energies. For every −1 < ε < 1, ϕ = t(ϕ1, ϕ2, ϕ3) ∈ [C10 (Γ(t))]3, and
ψ ∈ C10 (Γ(t)),
ED[v + εϕ](t) := −
∫
Γ(t)
1
2
{e1(|DΓ(v + εϕ)|2) + e2(|divΓ(v + εϕ)|2)} dH2x,
EW [v + εϕ](t) :=
∫
Γ(t)
[{divΓ(v + εϕ)}σ + ρF · (v + εϕ)] dH2x,
ETD[θ + εψ](t) := −
∫
Γ(t)
1
2
{e3(|gradΓ(θ + εψ)|2)} dH2x,
EGD[C + εψ](t) := −
∫
Γ(t)
1
2
{e4(|gradΓ(C + εψ)|2)} dH2x.
Theorem 2.6 (Variation of dissipation energies). Fix t. Then
(i) For every ϕ = t(ϕ1, ϕ2, ϕ3) ∈ [C10 (Γ(t))]3,
d
dε
∣∣∣∣
ε=0
ED[v + εϕ](t)
=
∫
Γ(t)
divΓ{e′1(|DΓ(v)|2)DΓ(v) + e′2(|divΓv|2)(divΓv)PΓ} · ϕ dH2x.
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Assume in addition that ϕ · n = 0 on Γ(t). Then
d
dε
∣∣∣∣
ε=0
ED[v + εϕ](t)
=
∫
Γ(t)
PΓdivΓ{e′1(|DΓ(v)|2)DΓ(v) + e′2(|divΓv|2)(divΓv)PΓ} · ϕ dH2x.
(ii) For every ϕ = t(ϕ1, ϕ2, ϕ3) ∈ [C10 (Γ(t))]3,
d
dε
∣∣∣∣
ε=0
EW [v + εϕ](t) =
∫
Γ(t)
{divΓ(−σPΓ) + ρF} · ϕ dH2x.
Assume in addition that ϕ · n = 0 on Γ(t). Then
d
dε
∣∣∣∣
ε=0
EW [v + εϕ](t) =
∫
Γ(t)
{PΓdivΓ(−σPΓ) + PΓρF} · ϕ dH2x.
(iii) For every ψ ∈ C10 (Γ(t)),
d
dε
∣∣∣∣
ε=0
ETD[θ + εψ](t) =
∫
Γ(t)
divΓ{e′3(|gradΓθ|2)gradΓθ} · ψ dH2x.
(iv) For every ψ ∈ C10 (Γ(t)),
d
dε
∣∣∣∣
ε=0
EGD[C + εψ](t) =
∫
Γ(t)
divΓ{e′4(|gradΓC|2)gradΓC} · ψ dH2x.
From Theorem 2.6 we have several forces derived from variations of our dissipation
energies and work. In other words, this paper derives the viscous and diffusion
terms of our fluid systems from a variation of the dissipation energies. See Sections
4 and 5 for details.
Now we consider a variation of the action integral determined by the kinetic
energy with respect to the flow map. To this end, we introduce a variation x˜ε of the
flow map x˜ and the velocity vε determined by the flow map x˜ε. For −1 < ε < 1, let
Γε(t)(= {Γε(t)}0≤t<T ) be an evolving surface with a piecewise Lipschitz boundary.
We say that Γε(t) is a variation of Γ(t) if Γε(0) = Γ0 and Γ
ε|ε=0(t) = Γ(t). Set
ΓεT =
⋃
0<t<T
{Γε(t)× {t}} and ΓεT =
⋃
0≤t<T
{Γε(t)× {t}}.
Let x˜ε = x˜ε(ξ, t) be a flow map on Γε(t), and vε = vε(x, t) = t(vε1, v
ε
2, v
ε
3) be the
velocity determined by the flow map x˜ε, i.e., for ξ ∈ Γ0 and 0 ≤ t < T ,
vε = vε(x, t) = t(vε1(x, t), v
ε
2(x, t), v
ε
3(x, t)),
x˜ε = x˜ε(ξ, t) = (x˜ε1(ξ, t), x˜
ε
2(ξ, t), x˜
ε
3(ξ, t)),
dx˜ε
dt
(ξ, t) = vε(x˜ε(ξ, t), t),
x˜ε(ξ, 0) = ξ.
We say that (x˜ε,ΓεT ) is a variation of (x˜,ΓT ) if x˜
ε = x˜ε(ξ, t) is smooth as a function
of (ε, ξ, t) ∈ (−1, 1) × Γ0 × [0, T ) and x˜ε(ξ, t)|ε=0 = x˜(ξ, t). Assume that Γε(t) is
expressed by
Γε(t) = {x = t(x1, x2, x3) ∈ R3; x = x˜ε(ξ, t), ξ ∈ Γ0}.
For every 0 ≤ t < T and X ∈ U ,
x̂ε(X, t) := x˜ε(Φ(X), t)(= x˜ε(ξ, t)).
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Note that Γ0 = {ξ ∈ R3; ξ = Φ(X), X ∈ U} (see Definition 2.2). Moreover, for
every 0 ≤ t < T and X ∈ U ,
gε1 = g
ε
1(X, t) :=
∂x̂ε
∂X1
, gε2 = g
ε
2(X, t) :=
∂x̂ε
∂X2
, gεαβ := g
ε
α · gεβ ,
(gαβε )2×2 := (g
ε
αβ)
−1
2×2 =
1
gε11g
ε
22 − gε12gε21
(
gε22 −gε21
−gε12 gε11
)
, gαε := g
αβ
ε g
ε
β,
g´εα :=
d
dt
gεα, g´
ε
αβ :=
d
dt
gεαβ , Gε = Gε(X, t) := |gε1 × gε2|2 = gε11gε22 − gε12gε21.
Assume that for all −1 < ε < 1, X ∈ U , and 0 ≤ t < T ,
gε1 × gε2 ≥ λ2 > 0.
From now on we assume that ρε = ρε(x, t) and vε = vε(x, t) are C2-functions on
ΓεT .
To consider our action integral, we state the surface transport theorem and its
applications.
Proposition 2.7 (Surface transport theorem and its applications).
(i) Let f ∈ C1(ΓT ). Then for every Ω(t) ⊂ Γ(t),
d
dt
∫
Ω(t)
f(x, t) dH2x =
∫
Ω(t)
{Dtf + (divΓv)f}(x, t) dH2x.
(ii) Assume that for each 0 < t < T and Ω(t) ⊂ Γ(t),
d
dt
∫
Ω(t)
ρ(x, t) dH2x = 0.
Then
Dtρ+ (divΓv)ρ = 0 on ΓT .
(iii) Assume that for each 0 < t < T and Ω(t) ⊂ Γε(t),
d
dt
∫
Ω(t)
ρε(x, t) dH2x = 0.
Then
Dεtρ
ε + (divΓεv
ε)ρε = 0 on ΓεT .
Here
Dεtf := ∂tf + (v
ε · ∇)f.
Remark that
Dtf + (divΓv)f = D
N
t f + divΓ(fv),
DΓt f + (divΓv)f = ∂tf + divΓ(fv),
where DNt f = ∂tf + (v · n)(n · ∇)f and DΓt f = ∂tf + (v · ∇Γ)f . Remark also that
Dtf = D
Γ
t f if v · n = 0. The proof of Proposition 2.7 in the case when the surface
Γ(t) is a closed surface can be founded in Betounes [4], Gurtin-Struthers-Williams
[11], Dziuk-Elliott [8], and Koba-Liu-Giga [19]. This paper gives a sketch of the
proof of Proposition 2.7 for the reader.
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Theorem 2.8 (Variation of the flow map to action integral).
Suppose that (x˜ε,ΓεT ) is a variation of (x˜,ΓT ). Let ρ0 ∈ C(Γ0). Assume that ρ and
ρε satisfy
(2.10)
{
Dtρ+ (divΓv)ρ = 0 on ΓT ,
ρ|t=0 = ρ0,
(2.11)
{
Dεt ρ
ε + (divΓεv
ε)ρε = 0 on ΓεT ,
ρε|t=0 = ρ0,
and that for every ξ ∈ Γ0 and 0 ≤ t < T ,
ρε(x˜ε(ξ, t), t)|ε=0 = ρ(x˜(ξ, t), t).
Suppose that there is z = z(x, t) = t(z1, z2, z3) ∈ [C2(ΓT )]3 such that for 0 ≤ t < T
and ξ ∈ Γ0
dx˜ε
dε
∣∣∣∣
ε=0
(ξ, t) = z(x˜(ξ, t), t).
Then the following two assertions hold:
(i) For each flow map x˜ε = x˜ε(ξ, t), set the action integral as follows:
Act[x˜ε] = −
∫ T
0
∫
Γε(t)
1
2
ρε(x, t)|vε(x, t)|2 dH2xdt.
Then
d
dε
∣∣∣∣
ε=0
Act[x˜ε] =
∫ T
0
∫
Γ(t)
{ρDtv}(x, t) · z(x, t) dH2xdt.
Moreover, if z · n = 0 on Γ(t), then
d
dε
∣∣∣∣
ε=0
Act[x˜ε] =
∫ T
0
∫
Γ(t)
{PΓρDtv}(x, t) · z(x, t) dH2xdt.
(ii) Let p be a C1-function. For each flow map x˜ε = x˜ε(ξ, t), set the action integral
as follows:
AB [x˜
ε] = −
∫ T
0
∫
Γε(t)
{
1
2
ρε(x, t)|vε(x, t)|2 − p(ρε(x, t))
}
dH2xdt.
If
z|∂Γ(t) = t(0, 0, 0),
then
d
dε
∣∣∣∣
ε=0
AB[x˜
ε] =
∫ T
0
∫
Γ(t)
{ρDtv + gradΓp+ pHΓn}(x, t) · z(x, t) dH2xdt.
Moreover, if z · n = 0 on Γ(t), then
d
dε
∣∣∣∣
ε=0
AB[x˜
ε] =
∫ T
0
∫
Γ(t)
{PΓρDtv + gradΓp}(x, t) · z(x, t) dH2xdt.
Here p = p(ρ) := ρp′(ρ)− p(ρ).
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Applying an energetic variational approach and the first law of thermodynamics
with Theorems 2.6 and 2.8, we can derive four systems ( 1.1), ( 1.13), ( 1.16), and
( 1.17). Remark that we derive the barotropic compressible fluid systems ( 1.16)
and ( 1.17) by using the action integral AB . See Section 5 for detail.
Finally, we state the boundary conditions for our fluid systems.
Theorem 2.9 (Conservation laws).
(i) Assume that ( 1.5) holds. Then system ( 1.1) satisfies ( 1.9) and ( 1.10).
(ii) Assume that ( 1.5) and ( 1.6) hold. Then system ( 1.1) satisfies ( 1.11).
(iii) Assume that ( 1.7) holds. Then system ( 1.1) satisfies ( 1.12).
Theorem 2.10 (Energy laws).
(i) If either ( 1.5) or ( 1.14) holds, then system ( 1.1) satisfies ( 1.15).
(ii) If either ( 1.5) or ( 1.14) holds, then system ( 1.13) satisfies ( 1.15).
(iii) If ( 1.14) holds, then system ( 1.16) satisfies ( 1.18).
(iv) If ( 1.14) holds, then system ( 1.17) satisfies ( 1.18).
In Section 3 we use a flow map and the Riemannian metric induced by the flow
map to prove Theorem 2.4 and Proposition 2.7. In Section 4 we calculate variations
of our dissipation energies and action integrals to prove Theorems 2.6 and 2.8.
In Section 5 we apply an energetic variational approach to make mathematical
models for compressible fluid flow on the evolving surface Γ(t) with a boundary,
and investigate the boundary conditions for our compressible fluid systems to prove
Theorems 2.9 and 2.10.
3. Representation of our Energy Densities
In this section we first study the representation of our energy densities (Assump-
tion 1.2) to show the invariance of the energy densities throughout the Riemannian
metric induced by flow maps. Then we give a sketch of the proof of the surface
transport theorem. To investigate our energy densities, we first prepare the follow-
ing lemma.
Lemma 3.1. (i) For every ψ ∈ C(R3),
(3.1)
∫
Γ(t)
ψ(x) dH2x =
∫
U
ψ̂(X, t)
√
G(X, t) dX.
(ii) For each i, j = 1, 2, 3,
(3.2)
∫
Γ(t)
[PΓ]ij dH2x =
∫
U
∂x̂i
∂Xα
∂x̂j
∂Xβ
gαβ
√G dX.
(iii) For each j = 1, 2, 3, and ψ ∈ C1(R3),
(3.3)
∫
Γ(t)
∂Γj ψ dH2x =
∫
U
∂x̂j
∂Xα
∂ψ̂
∂Xβ
gαβ
√G dX.
(iv) For each ϕ = t(ϕ1, ϕ2, ϕ3) ∈ [C1(R3)]3,
(3.4)
∫
Γ(t)
divΓϕ dH2x =
∫
U
gα · ∂ϕ̂
∂Xα
√G dX.
(v) For each i, j = 1, 2, 3, and ψ ∈ C2(R3),
(3.5)
∫
Γ(t)
∂Γi ∂
Γ
j ψ dH2x =
∫
U
gζη
∂x̂i
∂Xζ
∂
∂Xη
(
∂x̂j
∂Xα
∂ψ̂
∂Xβ
gαβ
)
√G dX.
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(vi) For each ψ ∈ C2(R3) and κ ∈ C1(R3),
(3.6)
∫
Γ(t)
divΓ(κ∇Γψ) dH2x =
∫
U
{
1√G
∂
∂Xα
(
κ̂
√Ggαβ ∂ψ̂
∂Xβ
)}
√G dX.
Here ψ̂ = ψ̂(X, t) := ψ(x̂(X, t)), ϕ̂ = ϕ̂(X, t) := ϕ(x̂(X, t)), and κ̂ = κ̂(X, t) :=
κ(x̂(X, t)).
Proof of Lemma 3.1. We first show (i). Fix ψ ∈ C(R3). Since
Γ(t) = {x ∈ R3; x = x̂(Φ(X), t), X ∈ U},
it follows from the formula of the surface integral to see that∫
Γ(t)
ψ(x) dH2x =
∫
U
ψ(x̂(X, t), t)
∣∣∣∣ ∂x̂∂X1 × ∂x̂∂X2
∣∣∣∣ dX = ∫
U
ψ̂
√G dX.
Therefore we have ( 3.1). Next we prove (ii). A direct calculation shows that
(3.7)
∫
Γ(t)
n(x, t) dH2x =
∫
Γ(t)
n1n2
n3
 dH2x = ∫
U
g1 × g2
|g1 × g2|
√
G dX
=
∫
U
1√
g11g22 − g12g21

∂x̂2
∂X1
∂x̂3
∂X2
− ∂x̂2
∂X2
∂x̂3
∂X1
∂x̂3
∂X1
∂x̂1
∂X2
− ∂x̂3
∂X2
∂x̂1
∂X1
∂x̂1
∂X1
∂x̂2
∂X2
− ∂x̂1
∂X2
∂x̂2
∂X1
√G dX.
Using ( 3.7), ( 2.1), and
(3.8)
(
g11 g12
g21 g22
)
=
1
g11g22 − g12g21
(
g22 −g12
−g21 g11
)
,
we check that for each i, j = 1, 2, 3,∫
Γ(t)
[PΓ]ij dH2x =
∫
Γ(t)
(δij − ninj) dH2x =
∫
U
∂x̂i
∂Xα
∂x̂j
∂Xβ
gαβ
√G dX,
which is ( 3.2). Now, we derive (iii) and (iv). Fix j = 1, 2, 3, ψ ∈ C1(R3), ϕ ∈
[C1(R3)]3. Since
∂ψ̂
∂Xβ
=
∂
∂Xβ
ψ(x̂(X, t), t) =
∂x̂i
∂Xβ
∂ψ
∂x̂i
,
we use ∇Γψ = PΓ∇ψ and ( 3.2) to observe that∫
Γ(t)
∂Γj ψ dH2x =
∫
Γ(t)
[PΓ]ji∂iψ dH2x
=
∫
U
∂x̂j
∂Xα
∂x̂i
∂Xβ
gαβ
∂ψ
∂x̂i
√G dX
=
∫
U
∂x̂j
∂Xα
∂ψ̂
∂Xβ
gαβ
√G dX.
This is ( 3.3). From ( 3.3), we check that∫
Γ(t)
divΓϕ dH2x =
∫
Γ(t)
∂Γj ϕj dH2x =
∫
U
∂x̂j
∂Xα
∂ϕ̂j
∂Xβ
gαβ
√G dX
=
∫
U
(
gα · ∂ϕ̂
∂Xβ
)
gαβ
√G dX =
∫
U
(
gβ · ∂ϕ̂
∂Xβ
)√G dX.
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Note gβ = gαβgβ . Applying ( 3.3), we see (v) and (vi). Therefore the lemma
follows. 
Let us attack Theorem 2.4.
Proof of Theorem 2.4. We first show ( 2.3). A direct calculation shows that
g´αβ =
∂v
∂Xα
· ∂x̂
∂Xβ
+
∂x̂
∂Xα
· ∂v
∂Xβ
=
∂vj
∂Xα
∂x̂j
∂Xβ
+
∂x̂j
∂Xα
∂vj
∂Xβ
=
∂x̂i
∂Xα
∂vj
∂x̂i
∂x̂j
∂Xβ
+
∂x̂j
∂Xα
∂x̂i
∂Xβ
∂vj
∂x̂i
.(3.9)
From ( 3.9), the Einstein summation convention, and g21 = g12 , we find that
(3.10) g´αβg
αβ = 2
∂x̂j
∂Xα
∂x̂i
∂Xβ
∂vj
∂x̂i
gαβ = 2
∂x̂j
∂Xα
∂vj
∂Xβ
gαβ .
Using ( 3.3) and ( 3.10), we check that∫
Γ(t)
divΓv dH2x =
∫
Γ(t)
∂Γj vj dH2x =
∫
U
∂x̂j
∂Xα
∂vj
∂Xβ
gαβ
√G dX
=
∫
U
1
2
g´αβg
αβ
√G dX.(3.11)
This gives ( 2.3).
Secondly, we derive ( 2.2). From ( 3.8), G = g11g22 − g12g21, and g12 = g21, we
observe that ∫
U
d
√G
dt
dX =
∫
Γ(t)
1
2G
(
dG
dt
)√G dX
=
∫
U
1
2
g´αβg
αβ
√G dX.
From ( 3.11) we have ( 2.2).
Thirdly, we deduce ( 2.5). Using ( 3.11), we see that∫
Γ(t)
1
2
e2
(
1
4
g´αβ g´ζηg
αβgζη
)√
G dX =
∫
Γ(t)
1
2
e2
(
1
2
g´αβg
αβ 1
2
g´ζηg
ζη
)√
G dX
=
∫
Γ(t)
1
2
e2(|divΓv|2) dH2x,
which is ( 2.5).
Fourthly, we show ( 2.6) and ( 2.7). A direct calculation shows that(
∂x̂j
∂Xα
∂θ̂
∂Xβ
gαβ
)(
∂x̂j
∂Xζ
∂θ̂
∂Xη
gζη
)
= gαζg
ζηgαβ
∂θ̂
∂Xβ
∂θ̂
∂Xη
= δαζg
αβ ∂θ̂
∂Xβ
∂θ̂
∂Xη
= gαβ
∂θ̂
∂Xα
∂θ̂
∂Xβ
.(3.12)
18 HAJIME KOBA
Here δαζ is the Kronecker delta. By ( 3.3) and ( 3.12), we observe that∫
Γ(t)
1
2
e3(|gradΓθ|2) dH2x =
∫
Γ(t)
1
2
e3(|(∂Γj θ)(∂Γj θ)|2) dH2x
=
∫
U
1
2
e3
(
gαβ
∂θ̂
∂Xα
∂θ̂
∂Xβ
)
√G dX.
Thus, we have ( 2.6). Similarly, we obtain ( 2.7).
Finally, we derive ( 2.4). For each i, j = 1, 2, 3, write
[D̂(v)]ij =
1
2
(
∂vj
∂x̂i
+
∂vi
∂x̂j
)
.
From ( 3.9) we find that
(3.13)
1
2
g´αβ =
∂x̂i
∂Xα
[D̂(v)]ij
∂x̂j
∂Xβ
.
By ( 3.2) and ( 3.13), we observe that
1
4
g´αβ g´ζηg
αζgβη =
∂x̂i
∂Xα
[D̂(v)]ij
∂x̂j
∂Xβ
gαζgβη
∂x̂k
∂Xζ
[D̂(v)]kℓ
∂x̂ℓ
∂Xη
= [D̂(v)]ij
∂x̂i
∂Xα
∂x̂k
∂Xζ
gαζ [D̂(v)]kℓ
∂x̂j
∂Xβ
∂x̂ℓ
∂Xη
gβη
= [D̂(v)]ij [PΓ]ik[D̂(v)]kℓ[PΓ]jℓ.
This implies that∫
U
1
2
e1
(
1
4
g´αβ g´ζηg
αηgβη
)√G dX = ∫
Γ(t)
1
2
e1(|PΓD(v)PΓ|2) dH2x
=
∫
Γ(t)
1
2
e1(|DΓ(v)|2) dH2x.
Thus, we have ( 2.4). Therefore Theorem 2.4 is proved. 
Let us give a sketch of the proof of Proposition 2.7.
Proof of Proposition 2.7. We first show (i). Let f ∈ C1(ΓT ). Fix Ω(t) ⊂ Γ(t). By
the property (iii) in Definition 2.3, there is U1 ⊂ U such that
Ω(t) = {x ∈ R3; x = x̂(X, t), X ∈ U1}.
Using ( 2.2), we see that
d
dt
∫
Ω(t)
f(x, t) dH2x =
d
dt
∫
U1
f(x̂(X, t), t)
√
G(X, t) dX
=
∫
Ω(t)
{Dtf + (divΓv)f} dH2x.
Therefore the assertion (i) is proved. Using the assertion (i), we can derive (ii) and
(iii). Therefore Proposition 2.7 is proved. 
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4. Variation of Dissipation Energies and Action Integral
We first calculate a variation of our dissipation energies with respect to the
velocity to prove Theorem 2.6. Then we consider a variation of our action integral
with respect to the flow map to prove Theorem 2.8.
Proof of Theorem 2.6. We now prove (i) and (ii). Fix ϕ = t(ϕ1, ϕ2, ϕ3) ∈ [C10 (Γ(t))]3.
Applying the integration by parts ( 2.9), we check that
d
dε
∣∣∣∣
ε=0
ED[v + εϕ](t)
= −
∫
Γ(t)
{e′1(|DΓ(v)|2)DΓ(v) : DΓ(ϕ) + e′2(|divΓv|2)(divΓv)(divΓϕ)} dH2x,
=
∫
Γ(t)
divΓ{e′1(|DΓ(v)|2)DΓ(v) + e′2(|divΓv|2)(divΓv)PΓ} · ϕ dH2x
and that
d
dε
∣∣∣∣
ε=0
EW [v + εϕ](t) =
∫
Γ(t)
{(divΓϕ)σ + ρF · ϕ} dH2x
=
∫
Γ(t)
{−gradΓσ − σHΓn+ ρF} · ϕ dH2x =
∫
Γ(t)
{divΓ(−σPΓ) + ρF} · ϕ dH2x.
Here we used the facts that ϕ|∂Γ(t) = t(0, 0, 0), DΓ(v)n = t(0, 0, 0),
divΓ{(divΓv)PΓ} = gradΓ(divΓv) + (divΓv)HΓn. Since φ · ϕ = PΓφ · ϕ for φ =
t(φ1, φ2, φ3) if ϕ · n = 0 on Γ(t), we see (i) and (ii). Similarly, we deduce (iii) and
(iv). Therefore Theorem 2.6 is proved. 
To prove Theorem 2.8 we study variations of the flow map x˜. Let (x˜ε,ΓεT ) be a
variation of (x˜,ΓT ), that is, x˜
ε(ξ, t)|ε=0 = x˜(ξ, t) and x˜ε(ξ, 0) = x˜(ξ, 0) = ξ. For
every −1 < ε < 1, ξ ∈ Γ0, and X ∈ U , set
y˜ε(ξ, t) =
dx˜ε
dε
(ξ, t),
ŷε(X, t) = y˜ε(Φ(X), t) = y˜ε(ξ, t),
y˜(ξ, t) =
dx˜ε
dε
∣∣∣∣
ε=0
(ξ, t),
ŷ(X, t) = y˜(Φ(X), t) = y˜(ξ, t).
Assume that there is z = z(x, t) = t(z1, z2, z3) ∈ [C2(ΓT )]3 such that for every
0 ≤ t < T and ξ ∈ Γ0,
z(x, t) = z(x˜(ξ, t), t) = y˜(ξ, t).
We now study fundamental properties of the variations y˜, ŷ, and z.
Lemma 4.1. (i) For every X ∈ U and ξ ∈ Γ0,
(4.1) ŷ(X, 0) = y˜(ξ, 0) = t(0, 0, 0).
(ii)
(4.2)
∫
Γ(t)
divΓz dH2x =
∫
U
d
dε
∣∣∣∣
ε=0
√
Gε dX.
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Proof of Lemma 4.1. We first show (i). Since x˜ε(ξ, 0) = ξ for every −1 < ε < 1
and ξ ∈ Γ0, we check that
dx˜ε
dε
(ξ, 0) = lim
h→0
x˜ε+h(ξ, 0)− x˜ε(ξ, 0)
h
= lim
h→0
ξ − ξ
h
= t(0, 0, 0).
This implies that
ŷ(X, 0) = y˜(ξ, 0) =
dx˜ε
dε
∣∣∣∣
ε=0
(ξ, 0) = t(0, 0, 0).
Therefore we have ( 4.1).
Next we show (ii). We first show that
(4.3)
1
Gε
d
dε
Gε = 2gαε ·
∂ŷε
∂Xα
.
From Gε = gε11gε22 − gε12gε21 and gεαβ = gεα · gεβ , we have
d
dε
Gε = 2
(
gε1 ·
∂ŷε
∂X1
)
gε22 + 2
(
gε2 ·
∂ŷε
∂X2
)
gε11
− 2
(
gε1 ·
∂ŷε
∂X2
)
gε21 − 2
(
gε2 ·
∂ŷε
∂X1
)
gε12.
Since (gαβε )2×2 = (g
ε
αβ)
−1
2×2 and g
βα
ε = g
αβ
ε , we observe that
1
Gε
d
dε
Gε = 2
(
(gε1g
11
ε + g
ε
2g
12
ε ) ·
∂ŷε
∂X1
)
+ 2
(
(gε1g
21 + gε2g
22
ε ) ·
∂ŷε
∂X2
)
= 2
(
g1ε ·
∂ŷε
∂X1
)
+ 2
(
g2ε ·
∂ŷε
∂X2
)
= 2gαε ·
∂ŷε
∂Xα
.
Thus, we have ( 4.3). Using ( 4.3) and ( 3.4), we check that∫
U
d
dε
∣∣∣∣
ε=0
√
Gε dX =
∫
U
(
1
2Gε
dGε
dε
)√
Gε
∣∣∣∣
ε=0
dX
=
∫
U
(
gα · ∂ŷ
∂Xα
)√G dX
=
∫
Γ(t)
divΓz dH2x.
Note that ŷ(X, t) = z(x̂(X, t), t). Therefore the lemma follows. 
Let us attack Theorem 2.8.
Proof of Theorem 2.8. We first show that ρ and ρε are represented by
ρ(x̂(X, t), t) = ρ0(Φ(X))
√
G(X, 0)√
G(X, t) ,(4.4)
ρε(x̂ε(X, t), t) = ρ0(Φ(X))
√
G(X, 0)√
Gε(X, t) .(4.5)
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To this end, we set
Q(X, t) = ρ(x̂(X, t), t)
√
G(X, t),
Qε(X, t) = ρε(x̂ε(X, t), t)
√
Gε(X, t).
Fix X . A direct calculation gives
dQε
dt
(X, t) =
(
ρεt + v
ε
j
∂ρε
∂x̂εj
)
√Gε + ρd
√Gε
dt
.
Using ( 2.2) and ( 2.11), we see that for each U1 ⊂ U and 0 < t < T ,∫
U1
dQε
dt
dX =
∫
Γε
1
(t)
{Dεtρε + (divΓεvε)ρε} dH2x = 0,
where
Γε1(t) = {x ∈ R3; x = x̂ε(X, t), X ∈ U1}.
This implies that
dQε
dt
(X, t) = 0.
Integrating with respect to time, we see that for 0 < t < T ,
Qε(X, t) = Qε(X, 0).
That is,
ρε(x̂ε(X, t), t)
√
G(X, t) = ρε(x̂ε(X, 0), 0)
√
G(X, 0)
= ρ0(Φ(X))
√
G(X, 0).
Thus, we see ( 4.5). Similarly, we have ( 4.4). Now we write
ρ˜0(X) = ρ0(Φ(X))
√
G(X, 0).
We now only prove (ii) since the proof of (i) is similar. By the definition of the
action integral AB and ( 4.5), we find that
(4.6) AB [x˜
ε] = −
∫ T
0
∫
U
{
1
2
ρ˜0(X)√Gε
dx̂ε
dt
· dx̂
ε
dt
− p
(
ρ˜0(X)√Gε
)}√
Gε dXdt
=
∫ T
0
∫
U
−1
2
ρ˜0(X)
dx̂ε
dt
· dx̂
ε
dt
dXdt+
∫ T
0
∫
U
p
(
ρ˜0(X)√Gε
)√Gε dXdt
=: Aε1 +A
ε
2.
Using the integration by parts with ( 4.1) and ( 4.4), we check that
d
dε
∣∣∣∣
ε=0
Aε1 =
∫ T
0
∫
U
−ρ˜0(X)dx̂
dt
· dŷ
dt
dXdt
=
∫ T
0
∫
U
−ρ˜0(X)v(x̂(X, t), t) · dŷ
dt
dXdt
=
∫ T
0
∫
U
ρ˜0(X)√
G(X, t)
(
vt + vj
∂v
∂x̂j
)
· ŷ
√
G(X, t) dXdt
=
∫ T
0
∫
Γ(t)
{ρDtv}(x, t) · z(x, t) dH2xdt.(4.7)
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Since
d
dε
Aε2 =
∫ T
0
∫
U
{
− ρ˜0(X)√Gε p
(
ρ˜0(X)√Gε
)
+ p
(
ρ˜0(X)√Gε
)}
d
√Gε
dε
dXdt,
we use ( 4.2), ( 4.4), and ( 2.9) to check that
(4.8)
d
dε
∣∣∣∣
ε=0
Aε2 =
∫ T
0
∫
Γ(t)
{−ρp′(ρ) + p(ρ)}divΓz dH2xdt
=
∫ T
0
∫
Γ(t)
divΓ(pPΓ) · z dH2xdt−
∫ T
0
∫
∂Γ(t)
p(ν · z) dH1xdt.
Here p = p(ρ) = ρp′(ρ) − p(ρ). Since z|∂Γ(t) = t(0, 0, 0), we combine ( 4.6), ( 4.7),
( 4.8) to conclude that
d
dε
∣∣∣∣
ε=0
AB[x˜
ε] =
∫ T
0
∫
Γ(t)
{ρDtv + gradΓp+ pHΓn}(x, t) · z(x, t) dH2xdt.
Therefore Theorem 2.8 is proved. 
5. Mathematical Modeling
In this section we make mathematical models for compressible fluid flow on the
evolving surface Γ(t) with a boundary. In subsection 5.1 we apply both an energetic
variational approach and the first law of thermodynamics to derive the generalized
compressible fluid system ( 1.1). In subsection 5.2 we study the enthalpy, the
entropy, and the free energy of system ( 1.1), and investigate the conservation and
energy laws of the system. In subsection 5.3 we derive the generalized tangential
compressible fluid system ( 1.13) on the evolving surface by applying an energetic
variational approach. In subsection 5.4 we state how to derive the two barotropic
compressible fluid systems ( 1.16) and ( 1.17).
5.1. Derivation of Generalized Compressible Fluid System. Let us derive
the generalized compressible fluid system ( 1.1) on the evolving surface Γ(t) with
a boundary. We set the generalized energy densities for compressible fluid on the
surface Γ(t) as in Assumption 1.2, and the action integral Act, the energy ED
dissipation due to the viscosities, the work EW done by the pressure and exterior
force, the energy ETD dissipation due to thermal diffusion, and the energy EGD
due to general diffusion as in Section 2. Based on Proposition 2.7, we admit
(5.1) Dtρ+ (divΓv)ρ = 0 on ΓT .
We first derive the momentum equation of system ( 1.1). Set
SΓ(v, σ) = e
′
1(|DΓ(v)|2)DΓ(v) + e′2(|divΓv|2)(divΓv)PΓ − σPΓ.
From Theorems 2.6 and 2.8, we have the following forces:
δAct
δx˜
= ρDtv,
δED+W
δv
= divΓSΓ(v, σ) + ρF.
Here ED+W = ED +EW . We assume the following energetic variational principle:
δAct
δx˜
=
δED+W
δv
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to have
(5.2) ρDtv = divΓSΓ(v, σ) + ρF.
Note that we may use AB instead of Act.
Secondly, we consider the internal energy. Applying the surface transport theo-
rem with ( 5.1), we see that
d
dt
∫
Γ(t)
1
2
ρ|v|2 dH2x =
∫
Γ(t)
ρDtv · v dH2x.
Using system ( 5.2) and ( 2.9), we check that for t1 < t2,
(5.3)
∫
Γ(t2)
1
2
ρ|v|2 dH2x +
∫ t2
t1
∫
Γ(τ)
{e˜D − (divΓv)σ} dH2xdτ
=
∫
Γ(t1)
1
2
ρ|v|2 dH2x +
∫ t2
t1
∫
Γ(τ)
ρF · v dH2xdτ +
∫ t2
t1
∫
∂Γ(τ)
BC dH1xdτ.
Here
e˜D = e
′
1(|DΓ(v)2|)|DΓ(v)|2 + e′2(|divΓv|2)|divΓv|2,(5.4)
BC = {SΓ(v, σ)ν} · v.(5.5)
Now we assume that BC ≡ 0 and F ≡ 0. Then we have∫
Γ(t2)
1
2
ρ|v|2 dH2x +
∫ t2
t1
∫
Γ(τ)
{e˜D − (divΓv)σ} dH2xdτ =
∫
Γ(t1)
1
2
ρ|v|2 dH2x.
This implies that e˜D − (divΓv)σ is the density for the dissipation energy and the
work done by pressure of our fluid system. From Theorem 2.6 we have the following
forces:
δETD
δθ
= divΓ{e′3(|gradΓθ|2)gradΓθ},(5.6)
δEGD
δC
= divΓ{e′4(|gradΓC|2)gradΓC}.(5.7)
Applying the first law of thermodynamic, we obtain
(5.8) ρDte = divΓqθ + e˜D − (divΓv)σ on ΓT .
More precisely, we assume that for every Ω(t) ⊂ Γ(t)
d
dt
∫
Ω(t)
ρe dH2x =
∫
Ω(t)
{divΓqθ + e˜D − (divΓv)σ} dH2x.
Then we use ( 5.1) and the surface transport theorem to have ( 5.8).
Finally, we derive the generalized diffusion system. We assume that the change
of rate of the concentration C equals to the force derived from a variation of the
energy dissipation due to general diffusion, that is, for every Ω(t) ⊂ Γ(t), assume
that
d
dt
∫
Ω(t)
C dH2x =
∫
Ω(t)
δEGD
δC
dH2x.
Then we use the surface transport theorem to have
(5.9) DtC + (divΓv)C = divΓ{e′4(|gradΓC|2)gradΓC} on ΓT .
Combing ( 5.1), ( 5.2), ( 5.8), and ( 5.9), we therefore have the generalized com-
pressible fluid system ( 1.1).
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5.2. On Generalized Compressible Fluid System. Let us study the general-
ized compressible fluid system ( 1.1). We admit system ( 1.1). Set the total energy
eA = ρ|v|2/2 + ρe and
DNt f = ∂tf + (v · n)(n · ∇)f.
It is easy to check that ( 1.1) satisfies ( 1.2).
We first investigate the enthalpy, the entropy, and the Helmholtz free energy of
the compressible fluid system ( 1.1). Assume that ρ and θ are positive functions.
Set the enthalpy h = h(x, t) as follows h = e+ σ/ρ. Then we have
ρDth = divΓ{e′3(|gradΓθ|2)gradΓθ}+ e˜D +Dtσ on ΓT .
Assume that the entropy s = s(x, t) satisfy the Gibbs condition:Dte = θDts −
σDt(1/ρ). Then we obtain
θρDts = divΓ{e′3(|gradΓθ|2)gradΓθ}+ e˜D on ΓT .
Set the Helmholtz free energy eF = e− θs. A direct calculation gives
ρDteF + sρDtθ − SΓ(v, σ) : DΓ(v) = −e˜D on ΓT .
Therefore we have
(5.10)

ρDth = divΓ{e′3(|gradΓθ|2)gradΓθ}+ e˜D +Dtσ,
θρDts = divΓ{e′3(|gradΓθ|2)gradΓθ}+ e˜D,
ρDteF + sρDtθ − SΓ(v, σ) : DΓ(v) = −e˜D.
We easily check that ( 5.10) satisfies ( 1.3) and ( 1.4).
Next, we study the conservation and energy laws of system ( 1.1). We assume
that
∂θ
∂ν
∣∣∣∣
∂Γ(t)
= 0,
∂C
∂ν
∣∣∣∣
∂Γ(t)
= 0, SΓ(v, σ)ν
∣∣∣∣
∂Γ(t)
= 0, where
∂f
∂ν
= (ν · ∇Γ)f.
Since
d
dt
∫
Γ(t)
ρv dH2x =
∫
Γ(t)
ρDtv dH2x,
d
dt
∫
Γ(t)
eA dH2x =
∫
Γ(t)
{ρDtv · v + ρDte} dH2x,
d
dt
∫
Γ(t)
C dH2x =
∫
Γ(t)
{DtC + (divΓv)C} dH2x
from the surface transport theorem and ( 5.1), we use system ( 1.1) and the inte-
gration by parts ( 2.9) to observe that for t1 < t2,∫
Γ(t2)
ρv dH2x =
∫
Γ(t1)
ρv dH2x +
∫ t2
t1
∫
Γ(τ)
ρF dH2xdτ,∫
Γ(t2)
eA dH2x =
∫
Γ(t1)
eA dH2x +
∫ t2
t1
∫
Γ(τ)
ρF · v dH2xdτ,∫
Γ(t2)
C dH2x =
∫
Γ(t1)
C dH2x.
Then we have ( 1.9), ( 1.11), and ( 1.12).
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Finally, we investigate the law of conservation of angular momentum. Since
Dtx = 2v and v × v = 0, we use the surface transport theorem and ( 1.1) to find
that
d
dt
∫
Γ(t)
x× (ρv) dH2x =
∫
Γ(t)
x× ρDtv dH2x
=
∫
Γ(t)
x× {divΓSΓ(v, σ) + ρF} dH2x.
Integrating with respect to time, we see that for t1 < t2∫
Γ(t2)
x× (ρv) dH2x =
∫
Γ(t1)
x× (ρv) dH2x +
∫ t2
t1
∫
Γ(τ)
x× (ρF ) dH2xdτ
+
∫ t2
t1
∫
Γ(τ)
x× {divΓSΓ(v, σ)} dH2xdτ.
If we prove that
(5.11)
∫
Γ(t)
x× {divΓSΓ(v, σ)} dH2x = t(0, 0, 0),
then we have the law of conservation of angular momentum ( 1.10). Now we show
( 5.11). Set M = SΓ(v, σ), that is, [M ]ij = [SΓ(v, σ)]ij . A direct calculation gives
x×divΓM =

x2(∂
Γ
1 [M ]31 + ∂
Γ
2 [M ]32 + ∂
Γ
3 [M ]33)− x3(∂
Γ
1 [M ]21 + ∂
Γ
2 [M ]22 + ∂
Γ
3 [M ]23)
x3(∂Γ1 [M ]11 + ∂
Γ
2 [M ]12 + ∂
Γ
3 [M ]13)− x1(∂
Γ
1 [M ]31 + ∂
Γ
2 [M ]32 + ∂
Γ
3 [M ]33)
x1(∂Γ1 [M ]21 + ∂
Γ
2 [M ]22 + ∂
Γ
3 [M ]23)− x2(∂
Γ
1 [M ]11 + ∂
Γ
2 [M ]12 + ∂
Γ
3 [M ]13)

 .
We shall prove that for each i, j = 1, 2, 3,∫
Γ(t)
{xi(∂
Γ
1 [M ]j1 + ∂
Γ
2 [M ]j2 + ∂
Γ
3 [M ]j3)− xj(∂
Γ
1 [M ]i1 + ∂
Γ
2 [M ]i2 + ∂
Γ
3 [M ]i3)} dH
2
x = 0.
Using the integration by parts ( 2.9) and the facts that SΓ(v, σ)n =
t(0, 0, 0) on
Γ(t) and SΓ(v, σ)ν =
t(0, 0, 0) on ∂Γ(t), we see that∫
Γ(t)
{xi(∂Γ1 [M ]j1 + ∂Γ2 [M ]j2 + ∂Γ3 [M ]j3) dH2x = −
∫
Γ(t)
[M ]ji dH2x.
Since [M ]ji = [M ]ij , we check that∫
Γ(t)
{xi(∂Γ1 [M ]j1+∂Γ2 [M ]j2+∂Γ3 [M ]j3)−xj(∂Γ1 [M ]i1+∂Γ2 [M ]i2+∂Γ3 [M ]i3)} dH2x
= −
∫
Γ(t)
[M ]ji dH2x +
∫
Γ(t)
[M ]ij dH2x = 0.
This implies ( 5.11). Therefore, Theorem 2.9 is proved. From ( 5.3) and ( 5.5), we
see the assertion (i) of Theorem 2.10.
5.3. Tangential Compressible Fluid System. Let us derive the generalized
tangential compressible fluid system ( 1.13) on the evolving surface Γ(t) with a
boundary. We assume that v · n = 0 on Γ(t). We set the generalized energy
densities for compressible fluid on the surface as in Assumption 1.2, and the action
integral Act, the energy ED dissipation due to the viscosities, the work EW done by
the pressure and exterior force, the energy ETD dissipation due to thermal diffusion,
and the energy EGD due to general diffusion as in Section 2. Based on Proposition
2.7, we admit ( 5.1).
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We first derive the momentum equation of our tangential compressible fluid
system. From Theorems 2.6 and 2.8, we have the following forces:
δAct
δx˜
∣∣∣∣
z·n=0
= PΓρDtv,
δED+W
δv
∣∣∣∣
ϕ·n=0
= PΓdivΓSΓ(v, σ) + PΓρF.
Here ED+W = ED +EW . We assume the following energetic variational principle:
δAct
δx˜
∣∣∣∣
z·n=0
=
δED+W
δv
∣∣∣∣
ϕ·n=0
to have
(5.12) PΓρDtv = PΓdivΓSΓ(v, σ) + PΓρF.
Note that we may use AB instead of Act.
Secondly, we consider the internal energy. By an argument similar to that in
subsection 5.1, we obtain ( 5.3). Here e˜D and BC are defined by ( 5.4) and ( 5.5).
Notice that PΓv = v and v · v = PΓv · v. Now we assume that BC ≡ 0 and F ≡ 0.
Then we have an energy equality:∫
Γ(t2)
1
2
ρ|v|2 dH2x +
∫ t2
t1
∫
Γ(τ)
{e˜D − (divΓv)σ} dH2xdτ =
∫
Γ(t1)
1
2
ρ|v|2 dH2x.
This implies that e˜D − (divΓv)σ is the density for the dissipation energy and the
work done by pressure of the our fluid system. From Theorem 2.6 we have ( 5.6)
and ( 5.7). Applying the first law of thermodynamics, we have ( 5.8).
Finally, we derive the generalized diffusion system. We assume that the change
of rate of the concentration C equals to the force derived from a variation of the
energy dissipation due to general diffusion. Then we have ( 5.9).
Combing ( 5.1), ( 5.12), ( 5.8), and ( 5.9), we therefore have the tangential com-
pressible fluid system ( 1.13). Notice that Dtf = D
Γ
t f since v · n = 0. From ( 5.3)
and ( 5.5) the assertion (ii) of Theorem 2.10 is proved.
5.4. Barotropic Compressible Fluid Systems. Based on Proposition 2.7, we
admit ( 5.1). From the assertion (ii) of Theorem 2.8 we obtain systems ( 1.16) and
( 1.17). The proof of the assertions (iii) and (iv) in Theorem 2.10 are left to the
reader.
Acknowledgments. This work was partly supported by the Japan Society for the Promotion of
Science (JSPS) KAKENHI Grant Number JP15K17580.
References
[1] Marc Arnaudon and Ana Bela Cruzeiro, Lagrangian Navier-Stokes diffusions on manifolds:
variational principle and stability. Bull. Sci. Math. 136 (2012), no. 8, 857–881. MR2995006
[2] V.I. Arnol’d, Sur la ge´ome´trie diffe´rentielle des groupes de Lie de dimension infinie et ses
applications a` l’hydrodynamique des fluides parfaits. (French) Ann. Inst. Fourier (Grenoble)
16 1966 fasc. 1 319–361. MR0202082
[3] V.I. Arnol’d,Mathematical methods of classical mechanics. Translated from the 1974 Russian
original by K. Vogtmann and A. Weinstein. Corrected reprint of the second (1989) edition.
Graduate Texts in Mathematics, 60. Springer-Verlag, New York, 1997. xvi+516 pp. ISBN:
0-387-96890-3. MR1345386
[4] David E. Betounes, Kinematics of submanifolds and the mean curvature normal. Arch. Ra-
tional Mech. Anal. 96 (1986), no. 1, 1–27. MR0853973
ON COMPRESSIBLE FLUID FLOWS ON AN EVOLVING SURFACE WITH A BOUNDARY27
[5] Dieter Bothe and Jan Pru¨ss, On the two-phase Navier-Stokes equations with Boussinesq-
Scriven surface fluid. J. Math. Fluid Mech. 12 (2010), no. 1, 133–150. MR2602917.
[6] M. J. Boussinesq, Sur l’existence d’une viscosite´ seperficielle, dans la mince couche de tran-
sition se´parant un liquide d’un autre fluide contigu, Ann. Chim. Phys. 29 (1913), 349–357.
[7] Philippe G. Ciarlet, An introduction to differential geometry with applications to elasticity.
Reprinted from J. Elasticity 78/79 (2005), no. 1-3 [ MR2196098]. Springer, Dordrecht, 2005.
iv+209 pp. ISBN: 978-1-4020-4247-8; 1-4020-4247-7 MR2312300
[8] Gerhard Dziuk and Charles M. Elliott, Finite elements on evolving surfaces. IMA J. Numer.
Anal. 27 (2007), no. 2, 262–292. MR2317005.
[9] David .G. Ebin and Jerrold Marsden, Groups of diffeomorphisms and the motion of an
incompressible fluid. Ann. of Math. (2) 92 1970 102–163. MR0271984.
[10] Rene´e Gatignol and Roger Prud’homme, Mechanical and thermodynamical modeling of fluid
interfaces. World Scientific, Singapore, 2001. xviii,+248 pp. ISBN=9810243057.
[11] Morton E. Gurtin, Allan Struthers, and William O. Williams, A transport theorem for moving
interfaces. Quart. Appl. Math. 47 (1989), no. 4, 773–777. MR1031691
[12] Morton E. Gurtin, Elliot Fried, and Lallit Anand, The mechanics and thermodynamics of con-
tinua. Cambridge University Press, Cambridge, 2010. xxii+694 pp. ISBN: 978-0-521-40598-0
MR2884384
[13] Istva´n Gyarmati. Non-equilibrium Thermodynamics. Springer, 1970. ISBN:978-3-642-51067-0
[14] Yunkyong Hyon, Do Y. Kwak, and Chun Liu, Energetic variational approach in complex
fluids: maximum dissipation principle. Discrete Contin. Dyn. Syst. 26 (2010), no. 4, 1291–
1304. MR2600746
[15] Ju¨rgen Jost, Riemannian geometry and geometric analysis. Sixth edition. Universitext.
Springer, Heidelberg, 2011. xiv+611 pp. ISBN: 978-3-642-21297-0 MR2829653
[16] Hajime Koba, Local and Global Solvability for Advection-Diffusion Equation on an Evolving
Surface with a Boundary, preprint, submitted.
[17] Hajime Koba, On Derivation of Compressible Fluid Systems on an Evolving Surface, Quart.
Appl. Math. 76 (2018), no. 2, 303–359.
[18] Hajime Koba, On Generalized Diffusion and Heat Systems on an Evolving Surface with a
Boundary, preprint. arXiv:1810.07908
[19] Hajime Koba, Chun Liu, and Yoshikazu Giga Energetic variational approaches for incom-
pressible fluid systems on an evolving surface, Quart. Appl. Math. 75 (2017), no 2, 359–389.
MR3614501. Errata to Energetic variational approaches for incompressible fluid systems on
an evolving surface. Quart. Appl. Math. 76 (2018), no 1, 147–152.
[20] Hajime Koba and Kazuki Sato, Energetic variational approaches for non-Newtonian fluid
systems. Z. Angew. Math. Phiys (2018) 69: 143. https://doi.org/10.1007/s00033-018-1039-1.
[21] Yoshihiko Mitsumatsu and Yasuhisa Yano, Geometry of an incompressible fluid on
a Riemannian manifold. (Japanese) Geometric mechanics (Japanese) (Kyoto, 2002).
Surikaisekikenkyusho Kokyuroku No. 1260 (2002), 33–47.
[22] Lars Onsager Reciprocal Relations in Irreversible Processes. I. Physical Review.
(1931);37:405-109 DOI:https://doi.org/10.1103/PhysRev.37.405
[23] Lars Onsager Reciprocal Relations in Irreversible Processes. II. Physical Review.
(1931);38:2265-79 DOI:https://doi.org/10.1103/PhysRev.38.2265
[24] L.E. Scriven, Dynamics of a fluid interface Equation of motion for Newtonian surface fluids.
Chem. Eng. Sci. 12 (1960), 98–108.
[25] James Serrin,Mathematical principles of classical fluid mechanics. 1959 Handbuch der Physik
(herausgegeben von S. Flugge), Bd. 8/1, Stromungsmechanik I (Mitherausgeber C. Truesdell)
pp. 125–263 Springer-Verlag, Berlin-Gottingen-Heidelberg MR0108116.[Fluid Dynamics I /
Stroemungsmechanik I (Handbuch der Physik Encyclopedia of Physics) 2013]. MR0108116
[26] John C. Slattery, Momentum and moment-of-momentum balances for moving sur-
facesChemical Engineering Science, Volume 19, 1964, Pages 379–385.
[27] John C. Slattery, Leonard. Sagis, and Eun-Suok Oh, Interfacial transport phenomena. Second
edition. Springer, New York, 2007. xviii+827 pp. ISBN: 978-0-387-38438-2; 0-387-38438-3
MR2284654.
[28] Leon Simon, Lectures on geometric measure theory. Proceedings of the Centre for Mathe-
matical Analysis, Australian National University, 3. Australian National University, Centre
for Mathematical Analysis, Canberra, 1983. vii+272 pp. ISBN: 0-86784-429-9 MR0756417.
28 HAJIME KOBA
[29] Hon. J.W. Strutt M.A., Some General Theorems Relating to Vibrations. Proc. London. Math.
Soc. (1873);IV:357-68. MR1575554
[30] Michael E. Taylor, Analysis on Morrey spaces and applications to Navier-Stokes and other
evolution equations. Comm. Partial Differential Equations 17 (1992), no. 9-10, 1407–1456.
MR1187618.
Graduate School of Engineering Science, Osaka University,, 1-3 Machikaneyamacho,
Toyonaka, Osaka, 560-8531, Japan
E-mail address: iti@sigmath.es.osaka-u.ac.jp
